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One of the most interesting features of braneworld models is the existence of mas- 
sive gravitational modes in addition to the usual massless one. Mixing of the 
modes which depends nontrivially on the inter-brane distance can be interpreted 
as radion-induced gravitational-wave oscillations, a classical analogy to meson and 
neutrino oscillations. We show that these oscillations arising in M-theory inspired 
two-brane setups could lead to effects detectable by gravitational-wave interfero- 
meters. 



Massive gravitational modes are a generic feature of higher-dimensional 
spacetime models. They arise from the expansion of the linearized gravi- 
tational modes of the full spacetime, the bulk, in harmonics of the higher 
dimensions. By the expansion one obtains one mode with zero eigenvalue, 
the massless four-dimensional graviton," and an infinite set of modes with 
non-zero eigenvalues, the massive Kaluza-Klein (KK) tower of gravitons. In 
models based on compactifications of flat extra dimensions on a circle the KK 
modes are of little relevance for the low-energy four-dimensional dynamics 
because the modes are too heavy to be produced by astrophysical sources. In 
these models the coupling of all modes to matter is of the same strength. 

The situation is different in scenarios with warped extra dimensions, i. e. 



"^Adopting to common jargon we will denote by graviton the classical linearized modes of 
the gravitational field. 
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scenarios in which the extra dimension has constant curvature induced by a 
bulk cosmological constant and in which the matter of our Universe is usually 
confined to a brane. Due to the bulk curvature the four-dimensional effective 
coupling of gravitation to matter on the brane depends on the position of the 
brane in the bulk. In particular, the eigenmodes of the higher-dimensional 
harmonics will in general couple to matter on the brane with unequal strength. 
This property considerably relieves the constraint on the size of the extra di- 
mension coming from the lack of evidence for the generation of KK modes and 
thus allows the KK modes to be much lighter than in scenarios with flat higher 
dimensions. Hence, in warped compactifications part of the gravitational in- 
teraction between matter on the brane can be mediated by the KK modes, 
although their contribution to the gravitational force will be small because 
their coupling to matter is suppressed compared to the massless mode. 

Accordingly, also high-frequency astrophysical sources of gravitational 
waves (GW's) will release a small fraction of their radiation as massive GW's. 
The co-occurrence of the massive GW's with the massless GW at first sight 
seems to complicate the detection of the KK modes but actually turns out 
useful for observational purposes:** due to the different propagation speeds of 
waves with different masses the superposition of the waves leads to a beat 
in the intensity of the total GW. Its oscillation length and amplitude of the 
beat depend parametrically on the size of the extra dimension, which is de- 
scribed by the radion field, thus suggesting the name radion-induced graviton 
oscillationflEl (RIGO's). 

RIGO's can in principle occur in any model with gravitons of differ- 
ent masses although only in models with warped compactifications they are 
likely to occur in GW's from astrophysical sources. For simplicity, we discuss 
RIGO's in the Randall-Sundrum (RS) two-brane modCi*^ although other — 
more conveniently tuned — models might be more favorable from the obser- 
vational point of view. The RS two-brane model is a static solution of the 
five-dimensional Einstein equations with an anti-de Sitter (AdS) bulk which is 
compactified on a /'L2 orbifold. Each brane is locate on one of the orbifold 
fixed planes. The brane tensions (t±, being of equal magnitude but of opposite 
sign, and the bulk cosmological constant arc fine-tuned to yield conformally- 
fiat induced metrics on the branes (we chose the metric on the positive tension 
brane to be the Minkowski metric). The conformal factor relating the induced 
metrics on the branes a, usually called the warp factor, can be chosen arbi- 
trarily. Considering it as a dynamical variable, it can be identified as the field 
determining the brane distance, the radion. In the following we take the point 
of view that the positive-tension (cr+-) brane will be the phcnomcnologica lly - 
as well as M-theoretically-favored brane to be identified with our Universe .Isl^ 

The linearized effective four-dimensional equations of motion for 



''We do not discuss here their different polarization properties associated with the different 
number of polarizations of massless and massive modes. 
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transverse-traceless perturbations, i. e. GW's, on the cr+-brane are conve- 
niently written in their spectral representation in terms of four-dimensional 
mass-eigenmodes. This representa tion ca n be obtained e. g. by localizing the 
underlying effective nonlocal actiorPEEl Suppressing tensor indices, we have 
for the metric perturbation on the cr^-brane 



1 n"^ / T+ 

-{T+ + a^T-) + y -^-^ 4r 



(1) 



where !/□, — m|) denote massless and massive retarded scalar Green 

functions, respectively. In Eq. ^ we use the abbreviation J2,i = J2(lrni/a) 
for the value of the Bessel function of second order with the argument Irrii/a, 
I being the AdS radius of the bulk and nii the mass of the ith KK mode. 
We consider an idealized astrophysical source at x = on each brane with a 
harmonic time dependence, T^{t, x) = /^e~'"*5(x), where /x is the quadrupole 
moment of the source. For further simplification we consider a source fre- 
quency uj above the mass threshold of the first massive mode but below the 
threshold of the second KK mode, i. e. mi < a; < m2- Then only the massless 
and the first massive mode are excited and produce long-range GW's. At a 
distance r from the source the waves on the i7+-brane are given by a mixture 
of massless and massive spherical waves, 

h+ [T+]^A e~"^' (e*'^'' + aV j|eV'^'-™?'-) , (2) 
h+[T-]^ Ac? e~"^' (e"^'' - 1 / JseV'^'-™?'') , (3) 

for the sources r± on the (T-I-- or <T_-brane, respectively, where A — AG^fi/r 
is the amplitude of the massless mode generated by T+. In Eqs. ^ and JSJ 
we have introduced J2 = 1/2,1 ~ 0.403. 

From the structure of Eqs. Q and Q one realizes that the waves from 
both sources exhibit a beat with the oscillation length 

L^2tt/(^uj- ^JZ^~^y (4) 

The maximal amplitudes of the waves (01 and ((SJ are given by 

A+ ^ {l + a^/J^)A^A, A- = il/j2-l)a^A^1.5a^A, (5) 

where the approximations are valid in the limit a <C 1. For a GW produced by 
T+, Eq. (O, the amplitude modulation of the beat is suppressed by a factor 
of compared to A'^ in the limit of large brane separation, a ^ 1. The 
amplitude of the GW produced by T^, Eq. is dominated by oscillation 
of the beat, regardless of the inter-brane distance. 

In the limit of a source-frequency just above the mass-threshold uj > mi 
the oscillation length of these gravitational ( "graviton" ) wave oscillations 
tends to 

L > 27r/mi « 1.6Z/a. (6) 
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The minimal oscillation length © is inverse proportional to a. Hence, both 
characteristic quantities of the oscillation, the amplitude and the oscillation 
length depend nontrivially on the radion, justifying the designation RIGO. 
RIGO's become observable when their oscillation length is at least of the order 
of the arm length of a GW detector. For the ground-based interferometric 
detectors this requirement corresponds to L ^ lO'^ m. Combining this with the 
constraint on the maximal size of the AdS radius I from sub- millimeter tests of 
gravity, I < 10~^m,'^we find an upper limit on the warp factor a < 10"'' for 
the oscillation length to be detectable. Hence, for the ratio of the amplitudes 
of Eq. (O, we find 

A-/A+ - < 

Therefore, the amplitude of a wave originating from a source on the ("hid- 
den") CT_-brane with oscillations which are sufhcicntly long to be detectable, 
is strongly suppressed by a damping factor compared to a GW generated 
by a source on the cr^-brane itself. A strongly oscillating wave has to be 
generated by a source 14 orders of magnitude stronger than that of a weakly 
oscillating one in order to be of the same magnitude, which at first sight makes 
the detection of RIGO's in the RS model impossible. 

The strong suppression of RIGO's found above does not yet take into 
account any specific production mechanism of GW's. If one considers the 
RS two-brane model as a toy-model for an M-theory realization of large ex- 
tra dimensions one finds a generation mechanism for GW's on the (T_-brane 
which naturally compensates the damping factor found above.0 In cosmo- 
logical M-thcory models, the Calabi-Yau (CY) volume V is smaller at the 
position of the hidden branc than at the visible brane.^ For example, in the 
M-theory solution of ° the ratio of the CY volume at the two branes de- 
pends on the warp factor as /V^ ~ a^. The vacuum expectation value 
(VEV) of the gaugino condensate on the hidden brane, rj, depends on V~ as 
7] ^ (V^) exp{—V~S), where 5 is a positive function of the CY mod- 
uli, the unified gauge coupling and its renormalization-group /3-coefficient.l^ 
Therefore, rj may become very large when V~ becomes small. On the other 
hand, the amplitude of GW's radiated by cosmic strings is proportional to the 
VEV squared of the associated symmetry breaking because the quadrupole 
moment of a cosmic string is given by /i = Trf' /uj^ , where F « 50 . . . 100 is 
a numerical coefficient depending on the trajectory and shape of t he string 
loop, and uj is the characteristic frequency of string oscillations.^^ Thus the 
large gaugino VEV can lead to the production of strong-amplitude GW's on 
the hidden brane, easily compensating the damping factor Q. 

Above we found that the different speeds of propagation of the zero mode 
and the KK modes of GW's in the RS model induce a beat in the amplitude 
of GW's. It is obvious that such RIGO's are completely generic and are a 
feature of any higher dimensional model with compactified extra dimensions. 

The obvious question to ask is: what would be the concrete signature 
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of RIGO's in a GW interferometer? The pessimistic answer is that RIGO's 
will probably only show up in the stochastic GW background. However, 
even with the detector templates for a network of cosmic strings at hand it 
is still tempting to detect RIGO's because we have next to no theoretical 
input for estimating the warp factor a which governs both the amplitude and 
oscillation length of RIGO's. Thus, although possibly within reach of the first 
or second generation of GW interferometers, the detection of RIGO's may 
only become possible after we have stronger theoretical constraints on the 
allowed parameter space of large extra dimensions. The optimistic answer 
is that, given a reliable theoretical prediction for the warp factor, one could 
easily extend existing detector patterns to incorporate the effect of RIGO's. 
The characteristic oscillation pattern of RIGO's could then even become an 
important effect to differentiate between the stochastic GW background and 
detector noise and to demonstrate the existence of extra dimensions. 
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